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A solution for buckling of a stiﬀ strip of ﬁnite width bonded to a compliant elastic half-space and subjected to uniform
axial compression is presented. Approximate semi-analytical and ﬁnite element solutions are obtained and compared with
a two-dimensional case of a plate on elastic foundation. The comparison demonstrates that the two-dimensional solution
can be applied to predict the buckling wavelength and critical compressive strain when the width of the strip is equal to or
larger than the buckling wavelength. For narrow strips, the wavelength is smaller and critical strain is higher than that of a
plate on foundation.
 2007 Elsevier Ltd. All rights reserved.
Keywords: Thin ﬁlm; Buckling; Wrinkling; Foundation stiﬀness1. Introduction
The problem of stability of a beam supported by an elastic foundation under compressive load has a num-
ber of practical applications and has been studied by many researchers during the last 40 years. Originally, the
interest to this problem was motivated by buckling of sandwich panels in airplanes (Allen, 1969). The stability
of road pavement and buckling of welded rails under thermal expansion load also have attracted attention of
engineering community (Kerr and Shade, 1984; Kerr, 1974, 1978; Lim et al., 2003). In recent years the research
of thin ﬁlm buckling has been driven by developments in semiconductor industry (Huang et al., 2005; Volyn-
skii et al., 2000; Chen and Hutchinson, 2004). Increasing complexity of modern microelectronic devices leads
to structures that, from solid mechanics point of view, represent a number of dissimilar layers bonded
together. These structures are assembled at elevated temperatures, and the mismatch of mechanical properties
and coeﬃcients of thermal expansion of the layers may lead to buckling and debonding upon cooling. Note
that the mechanical properties of thin ﬁlms can be estimated from such buckling patterns (Staﬀord et al.,
2004). A recent comprehensive review of wrinkling phenomenon has been performed by Genzer and
Groenewold (2006).0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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been devoted to the stability of (three-dimensional) beams on foundation. Biot (1937) analyzed the ﬂexure of a
beam of ﬁnite width under concentrated load and derived an asymptotic expression for foundation stiﬀness.
Selvadurai (1984) studied the ﬂexure of a strip embedded in inﬁnite isotropic elastic medium. Murthy (1973)
considered stability of a beam supported by Pasternak foundation.
A closely related phenomenon, buckling of single ﬁbers embedded in elastic matrix, has been investigated
analytically and experimentally. Sadowsky et al. (1967) and Hermann et al. (1967) derived analytical solutions
for the ﬁber buckling. Later, Darby and Kanellopoulos (1987) obtained a simple analytical expression for
buckling wavelength of embedded ﬁbers employing a number of simplifying assumptions. In (Mueller
et al., 1996a,b) ﬁber microbuckling was studied experimentally using polyamide ﬁbers embedded into a block
of soft silicone matrix.
Modern ﬂexible electronic components comprise several layers with diﬀerent mechanical properties. A pos-
sible way of obtaining the required ﬂexibility and stretchability is fabricating electronic components on top of
rigid islands, which are placed on soft deformable substrate that takes most of the total strain (Lacour et al.,
2005). These islands are electrically connected by metal conductors. Metallic interconnects represent narrow
strips placed on soft prestrained substrate so that they develop buckles upon release of the substrate. A dif-
ferent approach to obtain high level of stretchability is suggested in Khang et al. (2006), where narrow strips
(of 5–50 lm width) of single-crystal Si thin ﬁlms are attached to prestrained PDMS substrate to wrinkle upon
releasing the strain. Electronic devices, such as diodes or transistors, can be placed on these Si strips using
conventional processing techniques. Such ‘‘wavy’’ strips can be compressed or stretched to a high level of
strain without damaging the silicon. Even higher level of stretchability is obtained using controlled buckling
of partially bonded ribbons (Sun et al., 2006).
In this work, the stability of a narrow strip of stiﬀ ﬁlm attached to soft substrate is analyzed. The wave-
length and critical buckling strain of narrow strips are compared with the well-known two-dimensional solu-
tion for buckling of inﬁnite plate bonded to a half-space.2. Buckling model
2.1. Inﬁnite plate bonded to elastic half-space
To analyze the mechanical instability of a stiﬀ coating layer adhering to the surface of elastic half-space, we
follow the procedure of Volynskii et al. (2000). The bending equation for the coating can be written in the
following form:Ef I
1 m2f
o4z
ox4
þ F o
2z
ox2
þ kz ¼ 0; ð1Þwhere Ef and mf are Young’s modulus and Poisson’s ratio of the ﬁlm, I = h
3/12 is the area moment of inertia of
ﬁlm per unit length, h stands for the thickness of ﬁlm, z is the normal displacement of coating, F is the lon-
gitudinal compressive force per unit length acting in the coating, and k denotes the foundation stiﬀness.
According to Biot (1937), the response of the elastic half-space to sinusoidal load is a function of wavelength,
and the foundation stiﬀness is given byk ¼ Espð1 m2s Þk
; ð2Þwhere Es and ms are Young’s modulus and Poisson’s ratio of the substrate and k is the buckling wavelength.
The solution of Eq. (1) is sought in the formz ¼ A cos 2px
k
: ð3ÞUpon substituting Eq. (3) into Eq. (1), the compressive force in the coating can be expressed as
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12ð1 m2f Þ
2p
k
 2
þ Esk
4pð1 m2s Þ
: ð4ÞThe function F(k) is positive for any wavelength and has a minimum at k0. The minimum of the function is
found from the condition dF/dk = 0 leading to buckling wavelengthk0 ¼ 2ph
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Efð1 m2s Þ
3ð1 m2f ÞEs
3
s
: ð5ÞFrom Eqs. (5) and (4), the critical strain is found ase0 ¼ 3Esð1 m
2
f Þ
8ð1 m2s ÞEfÞ
 2=32.2. A strip of ﬁnite width
To analyze the stability of a beam of ﬁnite width attached to an elastic foundation, the foundation stiﬀness
should be evaluated ﬁrst. The actual response of the elastic foundation to the load due to buckling beam pre-
sents a complicated problem. However, since we are interested only in an integral measure of the response, we
simplify the problem by reducing the eﬀect of wrinkling to a speciﬁc distribution of load. Assume that the nor-
mal load is uniform through the width of the beam and has the formP ðx; yÞ ¼ P 0 cos 2pk x
 
; jyj 6 b=2; ð6Þwhere b is the width of the beam and k is wavelength (see Fig. 1). Neglecting the shear stresses between beam
and foundation, the normal displacement of the foundation at any point can be found using the solution of
Boussinesq problem for a point load on the surface of the isotropic half-spaceV ðx; yÞ ¼ 1 m
2
Ep
Z
P ðx; yÞ
r
dS ¼ P 0 1 m
2
Ep
Z b=2
b=2
Z 1
1
cos 2pk x
0 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx x0Þ2 þ ðy y0Þ2
q dx0 dy 0: ð7ÞThe displacement proﬁle is non-uniform over the width of the beam, however, for simplicity, only the displace-
ment at the beam centerline will be calculated and used for foundation stiﬀness estimation. It follows from Eq.
(7) that the displacement amplitude can be expressed in the formFig. 1. Sinusoidal load on the surface of the half-space.
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; ð8Þwhere G ¼ 1k
R b=2
b=2
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1
cos 2pk x
0ð Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x02þy02
p dx0 dy0. By a change of integration variables the integral is reduced to the form Gðk=bÞ ¼ b
2k
Z 1
1
Z 1
1
cos pbk uﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u2 þ v2p dudv: ð9ÞFinally, the stiﬀness of the isotropic elastic half-space under sinusoidal load bounded between lines b/2 and
b/2 is approximated ask ¼ Espð1 m2ÞkGðk=bÞ : ð10ÞClearly, G should approach 1 when k/b! 0. Note that a diﬀerent function G(k/b) would be obtained assuming
e.g. uniform displacements of the beam (and hence obtaining non-uniform load). According to Biot (1937) the
diﬀerence between these two solutions amounts to about 10%.
The bending equation of the beam with foundation stiﬀness obtained above takes the formEf I
o4z
ox4
þ F o
2z
ox2
þ Espbzð1 m2s ÞkGðk=bÞ
¼ 0; ð11Þwhere I = bh3/12 is the area moment of inertia of beam, and the expression for the compressive force (with the
assumption of sinusoidal deﬂection Eq. (3)) isF ¼ Ef I 2pk
 2
þ Eskb
4pð1 m2s ÞGðk=bÞ
: ð12ÞThe critical buckling wavelength can be found as in the two-dimensional case, from equation dF/dk = 0.
3. A strip embedded between two dissimilar materials
The presented solution method can also be applied to the problem of a beam embedded between two dis-
similar materials. Let us designate the elastic moduli of the lower and upper half-space as E1 and E2, respec-
tively. The eﬀective foundation stiﬀness has to be determined for such a system. We proceed as above, by
considering the load applied at the interface according to Eq. (6). Let us consider each half-space separately,
as shown in Fig. 2. It can be proved that the total force P acting on the interface can be represented as a sum of
forces P1 and P2, acting on the lower and upper half-space, respectively, in such way that vertical displace-
ments for both half-spaces are identical along the interface. The corresponding forces P1 and P2 are found
from a system of linear equationsP 1 þ P 2 ¼ P ;
P 1=E1 ¼ P 2=E2;
	
ð13Þwhere E ¼ E=ð1 m2Þ. Therefore, the combined foundation stiﬀness of the two half-spaces is given byk ¼ k1 þ k2 ¼ ðE1 þ E2ÞpkGðk=bÞ : ð14ÞFig. 2. Load applied at the interface.
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interface generally are not equal under such loading, their ratio beingU 1
U 2
¼ ð1 2m1Þð1 m2Þð1 m1Þð1 2m2Þ : ð15ÞHence, Eq. (14) is correct only when Poisson’s ratios for the materials of the half-spaces are equal. However,
ﬁnite element simulations show that the solution is not sensitive to the values of Poisson’s ratio of the mate-
rials, varying within few percent. Thus, Eq. (14) yields acceptable approximation of the foundation stiﬀness
for the buckling problem considered.
4. Finite element analysis
Finite element (FE) model is used to verify the approximate analytical derivations presented in the pre-
vious section. The critical compressive load and buckling shape is determined by eigenvalue analysis of a
three-dimensional model of rectangular beam bonded to thick soft substrate. The analysis is performed by
a general purpose FE code ABAQUS. Second order tetrahedral and brick elements were used for the sub-
strate and the beam, respectively. The beam was bonded to the substrate using ‘‘tie’’ constraints. Dimen-
sions of the substrate block were chosen in such a way that solution was not aﬀected by the external
boundaries of the substrate.
The critical load and buckling wavelength can be estimated by FE model using two diﬀerent methods.
The ﬁrst one is to use a model of the size approximately equal to the expected half-wavelength. Then the
eigenvalue for the ﬁrst buckling mode corresponds to the critical load required for stability loss. Varying
the length of the model is needed to ﬁnd the minimum of critical load. This minimum load provides crit-
ical compressive strain, and the size of the FE model at the minimum load is half of the buckling wave-
length. In the second method, relatively long model is used. Buckling wavelength is evaluated simply as
the length of the FE model of the beam divided by the number of waves in the ﬁrst buckling mode. This
method requires a higher number of elements, but approximate wavelength and critical load can be found
from a single FE analysis. The second method was used in current study. To achieve reasonably good
accuracy, the size of the FE model was chosen big enough to accommodate 10–20 buckling waves. Part
of the FE model upon buckling is shown in Fig. 3.Fig. 3. Finite element analysis of buckling of a beam.
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The integral in Eq. (9) cannot be evaluated analytically, therefore numerical integration by software Math-
ematica 5.2 was performed. The obtained values of G as a function of k/b are shown in Fig. 4. This function is
approximated asGðk=bÞ ¼ 1 expð4ðk=bÞ0:81Þ ð16Þ
and the results of approximation are plotted in Fig. 4 by solid line. The analytical expression for G(k/b) Eq.
(16) is substituted into Eqs. (10)–(12) and equation dF/dk = 0 is solved numerically. The obtained critical
wavelength is substituted back into Eq. (12) to ﬁnd the critical compressive force and the critical buckling
strain.
Fig. 5 shows the buckling wavelength for a beam of ﬁnite width as a function of k0/b, where k0 is the wave-
length for the two-dimensional problem of Section 2.1 calculated using Eq. (5). The non-dimensional param-
eter k0/b, which includes all geometrical parameters of the problem and elastic properties of materials, serves
as a measure of slenderness of the beam. If width of the beam is equal to or larger than k0, the beam is wide
enough for two-dimensional theory to apply for buckling wavelength calculations. When k0 exceeds width of
the beam, edge eﬀects apparently start to play a signiﬁcant role in beam deﬂection and the resulting buckling
wavelength is smaller than that of 2D problem. Such a reduction of wavelength is due to the eﬀective stiﬀness
of foundation of the beam being higher than Biot’s foundation stiﬀness, Eq (2). FE model, Fig. 3, illustrates
the origins of the higher eﬀective stiﬀness; the perturbation of substrate extends well beyond the immediate
vicinity of the beam edges. The results obtained for critical buckling strain are shown in Fig. 6. It is seen that
for narrow beams the critical strain can be several times higher than that of an inﬁnite plate.Fig. 4. Numerical estimates of the function G(k/b), shown by markers, and their approximation by Eq. (16) (line).
Fig. 5. Buckling wavelength of a beam with ﬁnite width b.
Fig. 6. Critical buckling strain for beam with ﬁnite width.
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tively. For some combinations of beam/substrate material parameters several analyses with diﬀerent FE model
sizes were performed to estimate the accuracy of the chosen modeling method (see Section 4), which in this
case is about 3%. The discrepancy of analytical and FE results apparently stems form the simplifying assump-
tion of uniform load across the width of the beam in the estimation of foundation stiﬀness.
6. Conclusions
Approximate solution is obtained for the problem of stability loss of a ﬁnite width beam bonded to a com-
pliant foundation and subjected to longitudinal compression. Using two-dimensional solution for buckling
wavelength and critical strain as normalizing parameters, diﬀerent combinations of beam geometry and mate-
rial properties can be combined into a single master-curve. Buckling wavelength for a beam of ﬁnite width is
found to be smaller, and critical buckling strain higher, than that of an inﬁnite plate. This is caused by the
eﬀective stiﬀness of foundation of the beam exceeding Biot’s foundation stiﬀness as the perturbation of sub-
strate extends beyond the immediate vicinity of the buckling beam edges. However, the inﬁnite plate provides
a reasonably accurate approximation of beam response if the buckling wavelength is equal to or smaller than
the beam width.
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